Abstract. Let Z be an algebraic subvariety of a Shimura variety. We extend results of the first author to prove an effective upper bound for the degree of a non-facteur maximal special subvariety of Z.
Introduction
The motivation for this paper has been the following two conjectures.
Conjecture 1.1 (André-Oort Conjecture). Let Z be a subvariety of a Shimura variety S. Then Z contains only finitely many maximal special subvarieties.
By a maximal special subvariety of Z, we refer to a special subvariety of S contained in Z that is not properly contained in another special subvariety of S also contained in Z.
We denote by A g the moduli space of principally polarized abelian varieties of dimension g (which is a Shimura variety). We denote by T g ⊆ A g the Torelli locus, that is, the Zariski closure of the image T • g of the Torelli morphism from the moduli space M g of non-singular projective curves of genus g to A g , which sends (the isomorphism class of) a curve to (the isomorphism class of) its Jacobian. Conjecture 1.2 (Cf. [Oor97] , §5). For g sufficiently large, T g contains no positivedimensional special subvariety that intersects T • g . For S = A g , both Conjectures 1.1 and 1.2 are raised in [Oor97] . The connection was a question of Coleman asking, "For g ≥ 4, are there are only finitely many isomorphism classes of non-singular projective curves of genus g having CM Jacobian?" In other words, "Are there are only finitely many special points in T • g ?" Conjecture 1.1 implies that, were there infinitely many special points in T • g , then their Zariski closure would be a (positive-dimensional) special subvariety. Hence, one is led to ask, "Does T g contain positive-dimensional special subvarieties intersecting T • g ?" This question has been answered negatively for g = 4, 5, 6, 7, but other results have indicated that the modified Conjecture 1.2 may hold (see [CLZ16, LZ17] , for example). For an excellent survey of the topic, we refer the reader to [MO13] .
The André-Oort conjecture was first proved under the generalised Riemann hypothesis (GRH) by Klingler, Ullmo, and Yafaev [UY14] , [KY14] . It has since been proved unconditionally for Shimura varieties of abelian type (and, in particular, A g ) by Pila and Tsimerman [PT14] , [Tsi] , using the so-called Pila-Zannier method [PZ08] . These results are, however, not effective, and hence give no quantitative control on maximal special subvarieties. In fact, effective results of André-Oort type are rather sparse [ABPM15, BLPM16, BK, BHK18, BMZ13, Küh12, Wüs14] . In this article, we complement these results by giving effective upper bounds on the degrees of certain maximal special subvarieties. More precisely, we treat the so-called non-facteur special subvarieties, which are precisely those for which we expect to find only finitely many of bounded degree (see Remark 3.4). Establishing the latter, in an effective fashion, is a theme of current work. We note that, in a recent preprint, Binyamini [Bin18] has obtained similar results in a product of modular curves using differential algebraic geometry.
Throughout this article, we take degrees with respect to the Baily-Borel line bundle (see Section 3.2 for details). Theorem 1.3. Let S be a Shimura variety satisfying the assumptions described in Section 4, and let Z be an algebraic subvariety of S. Then there exists an effectively computable constant c = c(dim(Z), deg(Z)) such that, if V is a non-facteur maximal special subvariety of Z, then the degree of V is at most c.
The assumptions referred to are modest: we assume simply that the group G defining S is semisimple of adjoint type and that the associated compact open subgroup of G(A f ) is equal to a product of compact open subgroups K p ⊂ G(Q p ).
To obtain Theorem 1.3, we first generalize earlier work of the first author [Daw] , in which lower bounds for the degrees of so-called strongly special subvarieties were given. In this paper, we obtain a lower bound for the degree of any positivedimensional special subvariety, in terms of a group-theoretic product of primes (see Theorem 6.1). The main tool is again Prasad's volume formula for S-arithmetic quotients of semisimple groups [Pra89] .
The article [Daw] gave a new proof of a finiteness theorem originally obtained by Clozel and Ullmo concerning strongly special subvarieties (see [CU05] , Theorem 1.1). This theorem was subsequently generalized by Ullmo to non-facteur special subvareties (see [Ull07] , Theorem 1.3), and the main result of this paper is a significant step towards an effective proof of that result (as mentioned above, it remains to give an effective procedure for obtaining the (conjecturally) finitely many non-facteur special subvarieties of bounded degree.
The purpose of [Daw] was to give a new proof of the André-Oort conjecture under GRH, combining results contained therein with the arithmetic side of the KlinglerUllmo-Yafaev approach. Indeed, this was achieved via the technique involving Hecke correspondences that was initially conceived by Edixhoven and substantially generalized by Klingler and Yafaev. In this article, we generalize the results obtained in [Daw] (see Theorems 7.1 and 8.1), but, rather than applying them in the previous manner, in which one takes a set of special subvarieties and incrementally increases the dimension of its members, we proceed slightly differently, using Hecke correspondences to perform a cutting-out procedure.
Non-facteur special subvarieties were defined in [Ull07] . They are those special subvarieties that do not arise in infinite families: a special subvariety V of a Shimura variety S is called non-facteur if there exists no finite morphism of Shimura varieties S 1 × S 2 → S, with S 2 having positive dimension, such that V is equal to the image of S 1 × {z} in S for any (necessarily special) point z ∈ S 2 . The reader might consider the difference between the image of the modular curve Y 0 (N ) in C 2 and the fibre C × {z} for a CM point z ∈ C; the former is non-facteur, the latter is not.
We emphasise that, in the case of S = A g , there exist effectively computable degree bounds for T g (see, for example, [Gru04, (6.8)]), so Theorem 1.3 can indeed be used to produce explicit bounds for the degrees of non-facteur maximal special subvarieties of T g .
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Preliminaries
First we establish some general conventions.
2.1. Fields. For a number field F and a place v of F , we let F v denote the completion of F with respect to v. In particular, for a rational prime p, we let Q p denote the p-adic numbers. We denote by A f the finite rational adèles.
2.2. Groups. For an algebraic group G, we denote by G
• the connected component of G containing the identity. We denote by G der the derived subgroup of G and by G ad the quotient of G by its center. By the rank of G, we refer to the dimension of a maximal torus of G.
For an algebraic subgroup H of G, we denote by Z(H) the center of H and by Z G (H) the centralizer of H in G. When H is defined over Q or R, we let H(R) + denote the connected component of H(R) containing the identity, and we let H(R) + denote the inverse image of H ad (R) + in H(R). We let H(Q) + denote H(Q)∩H(R) + and we let H(Q) + denote H(Q)∩H(R) + . We let |H| denote |H(C)|.
2.3.
Representations. Let G be a reductive algebraic group over a Q and fix a faithful representation ρ : G → GL n . Given these data, we will often identify G and its algebraic subgroups with their images in GL n . For any Q-subgroup H of G, and any prime p, we let H Zp denote the Zariski closure of H in GL n,Zp . For a rational prime p and a subtorus T of G Qp , we denote by X * (T ) the character module of T (that is, the free Z-module of finite rank comprising the homomorphisms T Q p → G m,Q p , where Q p denotes an algebraic closure of Q p ). We say that a character χ ∈ X * (T ) intervenes in ρ if there exists a non-zero subspace V χ ⊆ Q n p such that, ρ(t)v = χ(t)v for any v ∈ V χ and any t ∈ T (Q p ).
2.4. Products of primes. Let G be a reductive algebraic group over Q and let K ⊂ G(A f ) be a compact open subgroup equal to the product of compact open subgroups K p ⊂ G(Q p ). We denote by Σ(G, K) the set of all primes p such that, either
• G Qp is quasi-split, but does not split over an unramified extension of Q p , or • G Qp is quasi-split, splits over an unramified extension of Q p , but K p is not hyperspecial (equivalently, there is no smooth reductive Z p -group scheme G such that G Qp = G Qp and G(Z p ) = K p ). As explained in [Daw] , Section 6, we have K p = G Zp (Z p ) for almost all p, from which it follows that Σ(G, K) is a finite set of primes. We will denote by Π(G, K) the product of the primes contained in Σ(G, K), which we define to 1 if Σ(G, K) happens to be empty. Sometimes we will insist that K be neat. For the definition, see [KY14] , Section 4.1.4. 2.5. Degrees. Let S be a projective variety and let Z ⊆ S be an irreducible subvariety. Henceforth, by a subvariety, we will refer to an irreducible subvariety unless stated otherwise (for example, if preceded by the word Shimura). For any line bundle L on S, we will define the degree deg L Z of Z with respect to L as usual (as in [Ful98] , for example; see also [KY14] , Section 5.1). We will make frequent use of the projection formula (see [Ful98] , Proposition 2.5 (c); see also [KY14] , Section 5.1).
Shimura varieties
We assume that the reader is somewhat familiar with the theory of Shimura varieties, and we recall only the definitions and facts essential for our arguments. We refer to [Mil05] for more details.
Let (G, X) denote a Shimura datum and let K be a compact open subgroup of G(A f ). The double quotient space
is the analytification of a complex quasi-projective algebraic variety that we will denote Sh K (G, X). (Recall that Sh K (G, X) possesses a model defined over a number field E := E(G, X), but we will not need this fact.) Note that the action of G(Q) on the product in (1) is the diagonal one. A variety of the form Sh K (G, X) is called a Shimura variety.
be a compact open subgroup contained in K. The natural map on double coset spaces comes from a finite morphism
If α ∈ G(A f ), then the map on double coset spaces induced by (x, g) → (x, gα) (where x ∈ X and g ∈ G(A f )) also comes from an isomorphism
We let T α denote the map on algebraic cycles of Sh K (G, X) coming from the algebraic correspondence
where the left and right outer arrows are π K∩αKα −1 ,K and π α −1 Kα∩K,K , respectively, and the middle arrow is [α] . We refer to the map T α as a Hecke correspondence.
3.2. The Baily-Borel line bundle. By [BB66] , Lemma 10.8, the line bundle of holomorphic forms of maximal degree on X descends to Sh K (G, X) and extends uniquely to an ample line bundle L K on the Baily-Borel compactification
. We refer to L K as the Baily-Borel line bundle on Sh K (G, X). Given a subvariety Z of Sh K (G, X) and its Zariski closure Z in Sh K (G, X), we will write deg LK Z instead of deg LK Z. In fact, we will simply write deg Z if it is clear to which line bundle we are referring.
As
Shimura subdatum of (G, X), we obtain, from the natural map on double coset spaces, an algebraic morphism
coming from a morphism on compactifications. In particular, it is a closed morphism. We refer to any irreducible component of the image of such a map as a Shimura subvariety of Sh K (G, X). If V is a Shimura subvariety of Sh K (G, X) and α ∈ G(A f ), we refer to any irreducible component of the algebraic cycle T α (V ) as a special subvariety of Sh K (G, X). (By abuse of notation, we identify cycles with their underlying support.)
Using [Mil05] , Lemma 5.11, we see that, if V is a special subvariety of Sh K (G, X), then it is equal to the image of X + H × {α} in Sh K (G, X), where α ∈ G(A f ), the pair (H, X H ) is a Shimura subdatum of (G, X), and X + H is a connected component of X H . We say that V is associated with the Shimura datum (H, X H ). The proof of [UY14] , Lemma 2.1 easily generalizes to show that (in our proofs) we can and do always assume that H is the generic Mumford-Tate group on X H i.e. that every member of X H factorizes through H R and H is the smallest Q-subgroup of G with this property.
Lemma 3.1. Suppose that V is a special subvariety of Sh K (G, X) associated with the Shimura datum (H 1 , X H1 ) and also with the Shimura datum (H 2 , X H2 ). Then H 1 = gH 2 g −1 for some g ∈ G(Q).
Proof. As remarked above, we know that V is simultaneously equal to the images of X
is a connected component of X H1 , and X + H2 is a connected component of X H2 . Let x 1 ∈ X + H1 be a Hodge generic point of X + H1 i.e. a point whose Mumford-Tate group is equal to H 1 . By the observation in the previous paragraph, x 1 = gx 2 , for some g ∈ G(Q) and some point x 2 ∈ X + H2 . It follows that H 1 is contained in gH 2 g −1 . Similarly, we deduce that there exists q ∈ G(Q) such that H 2 is contained in qH 1 q −1 . It follows immediately that H 1 = gH 2 g −1 , as claimed.
3.4. Non-facteur special subvarieties. Let V be a special subvariety of Sh K (G, X) associated with a Shimura subdatum (H, X H ). Following Ullmo (see [Ull07] ), we say that V is non-facteur if the image of
is compact. By Lemma 3.1, this definition is independent of the Shimura subdatum associated with V . (The definition in the introduction is equivalent, and more intuitive, but this definition turns out to be more useful for our purposes.)
The definition of a non-facteur special subvariety generalizes the notion of a strongly special subvariety.
Lemma 3.2. If V is strongly special, then V is non-facteur.
Proof. Since V is strongly special it is, by definition, associated with a Shimura subdatum (H, X H ) of (G, X) such that the image of H in G ad is semisimple. Therefore, since both definitions rely on passing to G ad , we can and do assume that G = G ad from the outset. Then, H = H der is semisimple and any x ∈ X H factors through H der R = H R . Therefore, Z G (H der )(R) stabilizes x ∈ X and, since the stabilizer of any point in X is compact, the result follows.
Recall that G ad is equal to the product G 1 × · · · × G n of its Q-simple factors. Furthermore, for each i = 1, . . . , n, there exists an almost Q-simple normal subgroup G i ⊆ G der such that G der is the almost direct productG 1 · · ·G n and
is a central isogeny for i = j and trivial if i = j.
Lemma 3.3. If V is non-facteur, then the image of H der under each of the natural projections
Proof. If the image of H der under G der → G i were trivial, thenG i would be contained in Z G (H der ). However, by the definition of a Shimura datum,G i (R) is not compact. Hence, we arrive at a contradiction.
Remark 3.4. We expect that there are only finitely many non-facteur special subvarieties of degree at most A, though we believe this to be an open problem. There are likely many ways to approach this problem, but we outline our intuition below.
Let V be a non-facteur special subvariety of Sh K (G, X) satisfying deg V ≤ A. Then V is associated with a Shimura datum (H, X H ). However, since the image of
is compact, it follows that the H(R)-conjugacy class X H is equal to the H 1 (R)-conjugacy class containing it, where H 1 is the almost direct product of H der and Z G (H der )
• . If we let H 2 denote the product of Z(H 1 )
• with the almost Q-simple factors of H 1 whose underlying real Lie groups are non-compact, then [Ull07] , Lemme 3.3 implies that (H 2 , X H ) is a Shimura subdatum of (G, X), and V is associated with it. On the other hand, [DR18] , Conjecture 10.4 predicts that there exists a finite set Ω := Ω(A) of semisimple Q-subgroups of G such that H der = γF γ −1 , for some γ ∈ Γ and F ∈ Ω. Therefore, H 2 = γF 2 γ −1 , where F 2 is to F as H 2 is to H der . We conclude that V is associated with a Shimura datum of the form (F 2 , Y ). By [UY14], Lemma 3.7, there are only finitely many such Shimura subdata.
Assumptions and reductions
The assumptions alluded to in Theorem 1.3 are as follows:
(
In this section, we will show that it suffices to prove Theorem 1.3 under the following additional assumptions:
(3) Z is contained in the image of X + × {1} in Sh K (G, X), where X + is any choice of a connected component of X;
4.1. Working in a connected component. Let X + denote a connected component of X. Since Z is irreducible, it belongs to an irreducible component of Sh K (G, X). That is, there exists α ∈ G(A f ) such that Z is contained in the image of X + ×{α} in Sh K (G, X) (by the proof of [Mil05] , Lemma 5.11, every element of X is of the form qx, where q ∈ G(Q) and x ∈ X + ). Therefore, since the isomorphism
preserves degrees and the property of being a non-facteur maximal special subvariety, we can and do assume that Z is contained in the connected component
, Lemma 2.1, we can and do assume that, if V is associated with the Shimura subdatum (H, X H ), then it is equal to the image of X
We say that V is defined by (H, X H ) (and X + H ) and we will write
(note that this is well-defined since H der is defined up to conjugation by Γ). Note that V is equal to the image of the connected component
4.2.
Assuming that K is neat and a product. By the paragraphs preceding
We obtain a finite morphism
Furthermore, if V is a non-facteur maximal special subvariety of Z, then some irreducible component
We conclude that we lose no generality in Theorem 1.3 if we assume that K is neat.
4.3. Working in the derived group. Let (H, X H ) be a Shimura subdatum of (G, X). Then, by our current assumptions, Γ(H) is neat. Furthermore, it is contained in H der (Q). To see this latter claim, let C denote the Q-torus H der \H. Since H is the almost direct product of H der with the Q-torus Z(H) 0 , we obtain a surjective map Z(H) 0 → C. By [UY14], Remark 2.3, Z(H)(R) is compact (since we are assuming G = G ad ) and, by [Mil05] , Proposition 5.1,
+ is surjective. Therefore, since, by [Mil05] , Corollary 5.3, C(R) has only finitely many connected components, we conclude that C(R) is compact.
On the other hand, by [Mil05] , Proposition 3.2, the image of Γ(H) in C(Q) under the natural morphism is an arithmetic subgroup, which, by [Bor69] , Corollaire 17.3, is neat. We conclude, then, that the image is trivial and, therefore, that Γ(H) is contained in H der (Q), as claimed.
Choosing measures
Let (H, X H ) be a Shimura subdatum of (G, X) such that H der is non-trivial (which is to say that any associated special subvariety has positive dimension). Let H → H der denote the simply connected Q-covering with finite central kernel. Being simply connected, the groupH is equal to a direct product H 1 × · · · × H s of almost Q-simple, simply connected Q-groups. By [Vas08] , Section 3.3, each H i is of the form Res Ki/Q H ′ i for some totally real field K i and some absolutely simple, simply connected
For each i and each archimedean place v of K i , we let µ i,v denote the Haar measure on
, Section 3.5. Writing µ i := v|∞ µ i,v we obtain a Haar measure on
Hence, if we letμ := s i=1 µ i , we obtain a Haar measure onH(R). We let µ denote the Haar measure on H der (R) + equal to the pushforward ofμ under the surjective morphismH
(for the connectedness ofH(R) see [Mil05] , Theorem 5.2 and, for surjectivity, see [Mil05] , Proposition 5.1). Let X + H be a connected component of X H and let x ∈ X + H . Let K ∞ be the maximal compact subgroup of H der (R) + equal to the stabilizer of x. By [Mil05] , Lemma 1.5 and Proposition 5.1, we obtain a surjective map
+ is unimodular, the pushforward π x * µ is independent of the choice of x and, therefore, we also denote it µ. We also denote by µ the induced measure on any arithmetic quotient of H der (R) + or X + H . On the other hand, for any left H der (R) + -invariant differential form ν of maximal degree on X + H , we also obtain a measure µ ν . We choose such a form ν such that µ ν = µ.
Recall that the Lie algebra h of H der (R) + admits a Cartan decomposition k ⊕ p, where k denotes the Lie algebra of K ∞ and p can be identified with the tangent space of X + H at K ∞ . Inside the complexification of h, we find the Lie algebra k ⊕ ip, which corresponds to a maximal compact Lie subgroup H c of H der (C), which contains [Pra89] , Section 3, we haveμ(X H ) = 1.
Lower bounds for degrees of a special subvarieties
Our main ingredient for proving Theorem 1.3 is the following generalization of [Daw] , Theorem 1.4. We extend the lower bound given there (for the degree of a strongly special subvariety) to a lower bound for the degree of any positivedimensional special subvariety.
Theorem 6.1. Let (G, X) be a Shimura datum such that Z(G)(R) is compact and let X + be a connected component of X. Fix a faithful representation ρ : G → GL n and let K ⊂ G(A f
There exist effectively computable positive constants c 1 and δ such that, if V is a positive-dimensional special subvariety of
The purpose of this section is to prove Theorem 6.1. 6.1. Relating the degree to the volume. As in [Daw] , Theorem 5.1, we first relate the degree of a positive-dimensional special subvariety to its volume. 
holds (note that we are using the assumption that Z(G)(R) is compact here). Consider a smooth compactification V H sm of V H . As in, for example, the proof of [Mum77] , Proposition 3.4 (b), we obtain a canonical birational morphism
where V H denotes the Zariski closure of V H in the Baily-Borel compactification of Sh K(H) (H, X H ).
As mentioned previously, the line bundle E 0 of holomorphic forms of maximal degree on X + H descends to a line bundle E on V H , which extends uniquely to an ample line bundle (namely, the restriction of 
for someλ ∈ R and, similarly,
However, as explained in [Hir58] , Section 2, we have λ = (−1) dλ . Therefore, combining the above observations, we obtain
and the result follows from the fact thatμ(X H ) = 1.
6.2. Bounding the volume from below. It remains, then, to give a lower bound for the volume of a positive-dimensional special subvariety. We generalize [Daw] , Theorem 6.1 to all positive dimensional special subvarieties.
Theorem 6.3. Let (G, X) be a Shimura datum such that Z(G)(R) is compact and let X + be a connected component of X. Fix a faithful representation ρ : G → GL n and let K ⊂ G(A f ) be a neat compact open subgroup equal to the product of compact open subgroups K p ⊂ G(Q p ).
There exist effectively computable positive constants c 1 and δ such that, if V is a positive dimensional special subvariety of S K (G, X), defined by (H, X H ) and X + H , then
Proof. We will use the term uniform to refer to constants that are independent of V . In particular, we seek uniform constants c 1 and δ.
As in Section 5, letH → H der denote the simply connected Q-covering with finite central kernel Z. We will repeatedly need the following lemma. Recall that |Z| := |Z(C)|. Proof. Recall thatH C is the direct product of its almost simple factors. Let F be such a factor, and let D F denote its Dynkin diagram. Associated with D F is a corresponding lattice of roots P (R) and a lattice of weights Q(R). By the proof of [UY14], Lemma 2.4, |Z(F )| is at most |P (R)/Q(R)| and, by the explicit calculations in [Bou68] , Chapter VI, Section 4, the latter is bounded by r F +1, where r F denotes the rank of F .
We will also make repeated use of the following. For n ∈ N, we denote by µ n the algebraic group of n-th roots of unity.
Lemma 6.5. There exists a uniform, effectively computable constant b such that, for a Galois extension F of Q satisfying [F : Q] ≤ b,
(where the product is finite).
Proof. Let T be a maximal torus ofH. Then T contains Z and we can take for F the splitting field of T . Since Gal(F/Q) acts faithfully on the character group of T , it follows that [F : Q] is bounded by the maximal cardinality of a finite subgroup of GL r (Z), where r is the dimension of T . By Minkowski, the cardinality of such a subgroup is bounded by an effectively computable constant b(r) (see [Ser07] ). Therefore, the bound b(r G ) suffices, where r G denotes the rank of G.
By Section 4.3, Γ(H) is contained in H der (R). Let Γ(H) + denote the intersection Γ(H)∩H
der (R) + . In order to prove Theorem 6.3, we will need the following lemma.
Lemma 6.6. We have 
Proof. Clearly, Γ(H) + is a normal subgroup of Γ(H). Furthermore, the fact that Γ(H) is neat implies that
Note that π is not necessarily surjective. Nevertheless, we havẽ Lemma 6.7. There exist uniform, effectively computable positive constants c 2 and C such that
Proof. The proof is exactly the same as that of [Daw] , Lemma 6.3 (after replacing H with H der ), though we only need the calculations from the sentence, "Recall that Galois cohomology..." onwards.
Let F denote the field afforded to us by Lemma 6.5. Note that the Galois cohomology group H 1 (Gal(F/Q), Z(F )) has cardinality at most |Z| [F :Q] . For n ∈ N, consider the subgroup G(F, n, Σ) of F × /(F × ) n generated by the image of O × F and uniformizers ξ v for the places v lying over the primes p ∈ Σ(H der , K(H der )) or dividing n. By Dirichlet's unit theorem,
where r 1 is the number of real embeddings of F , r 2 is the number of complex conjugate pairs of complex embeddings, and µ(F ) is the finite cyclic group of roots of unity contained in F . It follows immediately that
and so
Since the n i occurring in (2) are bounded by |Z| and there are also fewer than |Z| factors, we conclude from (3) that [Γ(H) + : ρ(Γ(H))] is bounded by
Therefore, letting B and b denote the constants afforded to us by Lemmas 6.4 and 6.5, respectively, we can take
which concludes the proof of Lemma 6.7.
Now let Γ(H)
and, as explained in the proof of [Daw] , Lemma 6.2 (or simply by applying [Mil05] , Theorem 4.16),
From the formula of [Pra89] , it is possible to give a lower bound for the volume of Γ(H) m \H(R). Indeed, following the proof of [Daw] , Lemma 6.4, from the sentence, "Therefore, by [16, Theorem 3.7],..." on page 10, it is straightforward to verify that
where the m i,j are the exponents of the simple, simply connected, compact, real analytic Lie group of the same type as the quasi-split inner form of H ′ i . Moreover, by [Pra89] , Section 1.5, we see that
Therefore, combining the above, we conclude that µ(Γ(H)\H der (R) + ) is bounded from below by
where we abbreviate Σ := Σ(H der , K(H der )). We require a replacement for [Daw] , Lemma 6.5.
Lemma 6.8. Let T ⊂ H der Qp be a maximal torus. There exists a basis of X * (T ) such that the coordinates of the characters of T intervening in ρ are bounded in absolute value by a uniform, effectively computable constant D.
Proof. Consider the root system Φ associated with H der and T (over Q p ). Note that the rank r of Φ is bounded by the rank of G. Let ∆ := {α 1 , . . . , α r } denote a set of simple roots in Φ. The lattice of X * (T ) generated by the simple roots is precisely the image of X * (T ad ), where T ad is the image of T under the finite central map H der → H ad . Therefore, the index of X * (T ad ) in X * (T ) is bounded by the size of the kernel Z(H der ), which, by the proof of Lemma 6.4, is bounded by the B appearing in the statement of Lemma 6.4.
We can choose a Z-basis {e 1 , . . . , e r } of X * (T ) and write
m ji e j yielding an integral r × r-matrix M := (m ji ) ji . We multiply M on the left by a unimodular matrix N such that N M is in Hermite normal form. That is, N M is upper triangular and every entry is a non-negative integer bounded by the largest of the diagonal entries. Therefore, since
the latter is a bound on the entries of N M . The matrix N M expresses the elements of {α 1 , . . . , α r } in terms of the basis {N −1 e 1 , . . . , N −1 e r }. Therefore, it suffices to bound the absolute value of the coordinates of the characters with respect to the Q-basis ∆ of X * (T ) Q := X * (T ) ⊗ Z Q. Since H der is semisimple, ρ decomposes into a direct sum of irreducible representations of H der Q p . Therefore, we can and do assume that ρ is irreducible.
There exists a character χ (the heighest weight) of T intervening in the restriction of ρ to T such that, if we express χ as a rational expression of simple roots, then the maximum of the absolute values of the coordinates is a bound for the absolute values of the coefficients of the other characters of T intervening. That is, it suffices to restrict our attention to χ.
The weight χ is a dominant weight and, as such, is a non-negative integer linear combination of the fundamental weights {w 1 , . . . , w r }. The fundamental weights have the property that
where ·, · is a Euclidean scalar product on X * (T ) Q invariant under the Weyl group, and d i is positive. As linear combinations of the α i , the w i have positive rational coefficients (given by the inverse of the Cartan matrix). Therefore, since r is constrained by the rank of G, it remains to bound the coefficients of χ as a non-negative integral linear combination of the fundamental weights. This follows from (5) and the Weyl dimension formula, which states that
where Φ + denotes the set of positive roots in Φ and φ is half the sum of the positive roots.
We require the following version of [Daw] , Lemma 6.6. Lemma 6.9. There exist uniform, effectively computable constants c 3 and c 4 such that, for any p / ∈ Σ(H,
Proof. Again, the proof proceeds as in the proof of [Daw] , Lemma 6.6, after replacing H with H der (and adjusting to our notations). First, note that we have to restrict to primes p such that Z Fp is smooth (where Z is the kernel of the unique extension over Z p of the natural mapH Qp → H der Qp ) and K p = G Zp (Z p ). Taking p > max{|Z|, p 0 }, where p 0 is the largest prime such that K p = G Zp (Z p ), suffices for this purpose. Then, for such a prime, it is necessary to bound
, where F is the field afforded to us by Lemma 6.5 and v is a place of F lying above p, we obtain the bound |Z|
) is equal to the sum of at most |Z| copies of groups of the form
where B and b are the uniform constants afforded to us from Lemmas 6.4 and 6.5, respectively. Let T 0 denote the maximal torus of H der Qp occuring in the proof of [Daw] , Lemma 6.6, and let r denote its dimension. As explained in the proof of [Daw] , Lemma 6.6, T 0,Zp is a torus and we have a canonical isomorphism
identifying the characters intervening in ρ Q p and ρ F p . Therefore, if we let D denote the constant afforded to us by Lemma 6.8, we obtain a basis of X * (T 0,Fp ) ∼ = Z r such that the characters intervening in ρ Fp have coordinates of absolute value at most D.
Following the proof of [EY03] , it remains to consider subgroups of T 0,Fp of the form T X := ∩ χ∈X ker χ, varying over subsets X of X * (T 0,Fp ) whose members have coordinates of absolute value at most 2D, and to give a bound on the size of their group of connected components π 0 (T X ). Let X denote such a subset and let M X denote the matrix whose rows express the coordinates of the elements of X with respect to the basis above. Putting M X into Smith Normal Form, we obtain an isomorphism
where d 1 |d 2 | · · · |d X are the non-zero diagnonal entries of the Smith Normal Form. 
We require the following version of [Daw] , Lemma 6.7.
Lemma 6.10. There exists a uniform, effectively computable constant c 5 such that,
Proof. Again, the proof proceeds as in that of [Daw] , Lemma 6.7 after replacing H with H der (and adjusting to our notations), and we conclude that we can take
where B and b are the uniform constants afforded to us from Lemmas 6.4 and 6.5, respectively, and c 3 and c 4 are the uniform constants afforded to us by Lemma 6.9.
The proof of Theorem 6.3 now concludes as in [Daw] , combining the lower bound (4) with Lemmas 6.9 and 6.10.
Proof of Theorem 6.1. Follows from Theorems 6.2 and 6.3
Hecke correspondences
In this section, we generalise [Daw] , Theorem 7.1. If K is a compact open subgroup of G(A f ) equal to a product of compact open subgroups K p ⊂ G(Q) p , we will use the notation K p to denote the product l =p K l .
Theorem 7.1. Let (G, X) be a Shimura datum such that G = G ad and let X + be a connected component of X. Fix a faithful representation ρ : G → GL n and let
There exist effectively computable positive integers k and f such that, if • (P, X P ) is a Shimura subdatum of (G, X) and X + P is a connected component of X P contained in X + ,
• V is a positive-dimensional special subvariety of S K(P ) (P, X P ) defined by (H, X H ), and
denotes the natural morphism, andṼ is an irreducible component of ι
, and (4) if P ad = P 1 × · · · × P n is the decomposition of P ad into the product of its Q-simple factors, and I ⊆ {1, . . . , n} is the set of those i for which the natural projection π i : P → P i restricts non-trivially to H der , then π i (k 1 αk 2 ) generates an unbounded subgroup of P i (Q p ) for every i ∈ I and for all k 1 , k 2 ∈ I(P ) p .
Remark 7.2. Note that, if V is non-facteur, then, by Lemma 3.3, I = {1, . . . , n}.
We will use the term uniform to refer to constants depending only on the data in the first paragraph of the statement of Theorem 7.1. We will deal first with the matter of including a positive-dimensional special subvariety in its image under a Hecke correspondence.
Lemma 7.3. There exists a uniform, effectively computable positive integer A such that, for any α ∈ H der (A f ),
Proof. By definition, V is the image of X
be the simply connected covering, whose degree we denote d, and consider an α ∈ H der (A f ). Therefore, for any positive integer A divisible by d, there exists
By strong approximation applied to H, we have β = qk, for some q ∈ H(Q) and some
By the previous discussion, this is equal to (x, 1). Therefore, setting A = B!, with B the constant afforded to us by Lemma 6.4, finishes the proof.
In order to find suitable Hecke correspondences, we will also need the following two results on maximal split tori.
. Then there exists a maximal split torus S ⊂ H der Qp such that S Zp is a torus.
Proof. The proof is identical to [Daw] , Lemma 7.3, after replacing H with H der (and adjusting to our notations).
Lemma 7.5. Assume H der Qp is quasi-split and let S ⊂ H der Qp be a maximal split torus. There exists a basis of X * (S) such that the coordinates of the characters of S that intervene in ρ are bounded in absolute value by a uniform, effectively computable positive constant D sp .
Proof. Let T denote the centraliser of S in H der Qp . Since H der Qp is quasi-split, T is a maximal torus of H der Qp . Let A denote the maximal Q p -anisotropic subtorus of T . By the proof of [Daw] , Lemma 7.3 (after replacing H with H der and adjusting to our notations), there exists an embedding
such that, with respect to a basis {e 1 , . . . , e r } of X * (T ), the images of the characters of S intervening in ρ have coefficients of absolute value at most b rG D, where r G is the rank of G, b is the constant afforded to us by Lemma 6.5, and D is the constant afforded to us by Lemma 6.8.
The multiplication map S × A → T induces an embedding
Choose a basis {f 1 , ..., f s } for X * (S) and a basis {f s+1 , . . . , f r } for X * (A). These combine to form a basis B of L and we can write the φ(e i ) in terms of B to yield an r × r matrix M . As in the proof of Lemma 6.8, we can multiply Proof of Theorem 7.1. By Lemma 7.4, since p / ∈ Σ V , we can find a non-trivial maximal split torus S ⊂ H der Qp such that S Zp is a torus. Furthermore, by Lemma 6.8, there exists a basis of X * (S) such that the coordinates of the characters intervening in ρ are bounded in absolute value by a uniform, effectively computable constant D sp . We need the following Lemma (omitted in [Daw] ).
Lemma 7.6. For every i ∈ I, the split torus π i (S) is non-trivial. Proof. Let ρ : H → H der denote the simply connected cover and let S denote a maximal split torus of H Qp such that ρ( S) = S. We can write S as a product of maximal split tori S j in the Q p -almost-simple factors H j of H Qp .
The map ρ Qp composed with the inclusion of H der Qp in the product of the π i (H der ) Qp is given by maps f i , each a product of morphisms g i,j : H j → π i (H der ) Qp . If i ∈ I, then one of the g i,j must be non-trivial. Since H j is almost-simple, ker g i,j is finite and, therefore, g i,j (S j ) is non-trivial.
The proof of Theorem 7.1 now proceeds identically to [Daw] , Theorem 7.1, restricting to the π i for i ∈ I. By the proof of [UY11] , Lemma 7.4.3, we see that we can take
where A denotes the constant afforded to us by Lemma 7.3 and r G denotes the rank of G. Now let W denote the finite Weyl group of H der Qp , let Φ + denote the set of positive roots, and let d denote the maximum of the values associated to the vertices of the local Dynkin diagram. We see from the proof of [KY14] , Lemma 8.1.6 (b) that it suffices to find f such that
This is possible given that |W |, d, and |Φ + | are themselves all uniformly bounded by an effectively computable constant. Finally, as in the proof of [Daw] , Theorem 7.1, we let k = k ′ + f .
The geometric criterion
In this section, we give an almost immediate generalisation of [Daw] , Theorem 8.1. Let V be a positive-dimensional special subvariety of S K (G, X) defined by a Shimura subdatum (H, X H ) and contained in a Hodge generic subvariety Z of S K (G, X). Let I ⊆ {1, . . . , n} denote the set of those i for which the natural projection π i : G → G i restricts non-trivially to H der . Suppose that there exists a prime p and an α ∈ G(Q p ) such that
Then, either
Remark 8.2. Note that, by Lemma 3.3, if V is non-facteur, then the second conclusion can only hold if V = Z = S K (G, X).
Proof of Theorem 8.1. The proof is almost identical to that of [Daw] , Theorem 8.1. We must simply account for the fact that the group π i (U p ) defined in the proof of [Daw] , Theorem 8.1 is only unbounded for i ∈ I. Therefore, restricting to those i ∈ I, we obtain the first conclusion of the theorem, unless, for all i ∈ I, the image of
, where H der =i denotes the projection of H der to j∈I\{i} G i . From this, the second conclusion follows immediately.
Proving the result
Finally, we are in a position to combine the various ingredients. We will need the following comparison theorem, which serves as a converse to [KY14] , Corollary 5.3.10.
Proposition 9.1. Let (G, X) be a Shimura datum such that G = G ad and let X + be a connected component of X. Let K ⊂ G(A f ) be a neat compact open subgroup. Then there exists an effectively computable constant d such that the following holds. Let (P, X P ) be a Shimura subdatum and let X + P denote a connected component of X P contained in X + . Let Y P be a subvariety of S K(P ) (P, X P ) and let Y denote its image in S K (G, X) under the natural morphism. Then
Proof. We use the term uniform to refer to any constant depending only on the data in the first paragraph of the proposition.
First note that we can and do assume that Y P is Hodge generic in S K(P ) (P, X P ). To see this, let (Q, X Q ) denote a Shimura subdatum of (P, X P ) and let X + Q denote a connected component of X Q such that Y P is the image of a Hodge generic subvariety
for some uniform, effectively computable constant d, then the theorem follows from [KY14] , Corollary 5.3.10. Now let
denote the natural morphism of Shimura varieties. By the proof of [UY14], Lemma 2.2, the morphism ι P |YP is generically injective and so, by the projection formula, we have
for some uniform, effectively computable constant d.
Note that the connected component S K(P ) (P, X P ) is equal to Γ(P )\X + P , where, by Section 4.3, Γ(P ) is an arithmetic subgroup of the semisimple real Lie group P der (R). By [Sat69] , Section 4, the Baily-Borel line bundle L K(P ) on S K(P ) (P, X P ) is defined by a tuple m P of non-negative integers. In fact, by [Sat69] , Section 4.3, since the corresponding automorphy factor is a positive integer power of the functional determinant (see [BB66] , Section 7.3), m P has positive entries. Similarly, S K (G, X) is equal to Γ\X + , where Γ is an arithmetic subgroup of the semisimple real Lie group G(R), and the Baily-Borel line bundle L K on S K (G, X) is defined by another tuple m of positive integers. As explained in [Sat69] , Section 4.1, the automorphic line bundle L := ι * P L K is defined by mM for some matrix M associated with the inclusion of P der in G. However, as can be seen from [Sat69] , Sections 1.4 and 2.1, the entries of M are all integers belonging to the set {0, . . . , t}, where t is any bound for the maximum number of simple R-roots of any R-simple factor of G R . In particular, the entries of mM are at most d := r 3 G , where r G denotes the rank of G. We conclude that the entries of dm P are all greater than the corresponding entries of mM .
The automorphic line bundle Λ := L ⊗d K(P ) ⊗ L −1 is associated with the tuple dm P − mM . This tuple is clearly positive (in the terminology of [Sat69] , Section 4.3), and it also of rational type: m P and m are of rational type since P der and G are defined over Q, from which it follows that mM is of rational type (see the proof of [Sat69] , Theorem 3). Therefore, Λ is ample, by [Sat69] , Theorem 1, and so too is L (again, see the proof of [Sat69] , Theorem 3).
By definition,
Therefore, the result follows from the fact that
, since L and Λ are both ample.
Next, we prove an inductive step.
Proposition 9.2. Let (G, X) be a Shimura datum such that G = G ad and let X + be a connected component of X. Fix a faithful representation ρ : G → GL n and let K ⊂ G(A f ) be a neat compact open subgroup equal to the product of compact open subgroups K p ⊂ G(Q p ). Let k and f be the effectively computable, positive integers afforded to us by Theorem 7.1. Let (P, X P ) be a Shimura subdatum and let X + P denote a connected component of X P contained in X + . Let Z be a Hodge generic, proper subvariety of S K(P ) (P, X P ) and let V be a maximal special subvariety of Z of positive dimension defined by (H, X H ). Then, either
• the image of H der in P ad is equal to a product of Q-simple factors, or • for any prime p / ∈ Σ V such that K p = G Zp (Z p ), there exists an irreducible subvariety Y Z containing V such that
Proof. Let P ad = P 1 × · · · × P n denote the decomposition of P ad into the product of its Q-simple factors and let I ⊆ {1, . . . , n} denote the set of those i for which the natural projection π i : P → P i restricts non-trivially to H der . By Theorem 7.1, for any prime p as in the statement of the theorem, there exists a compact open subgroup I(P ) p ⊂ P (Q p ) contained in K(P ) p := K p ∩ P (Q p ) and an α ∈ P (Q p ) such that
if I(P ) := K(P ) p I(P ) p ⊂ P (A f ), ι P : S I(P ) (P, X P ) → S K(P ) (P, X P ) denotes the natural morphism, andṼ is an irreducible component of ι −1 P (V ), thenṼ ⊆ T α (Ṽ ), and (4) π i (k 1 αk 2 ) generates an unbounded subgroup of P i (Q p ) for every i ∈ I and for all k 1 , k 2 ∈ I(P ) p .
LetZ be an irreducible component of ι −1 P (Z) containingṼ . Since V is a maximal special subvariety of Z,Ṽ is a maximal special subvariety ofZ. Therefore, by Theorem 8.1, either the second conclusion of the theorem holds, and the proof is finished, or we can eliminate the possibility thatZ is contained in T α (Z).
In the latter case, the intersectionZ ∩T α (Z) must be proper. On the other hand, by (3) above, we haveṼ ⊆Z ∩ T α (Z).
Therefore, letỸ denote an irreducible component of theZ ∩ T α (Z) containingṼ , and let Y := ι P (Ỹ ). We have
where the first inequality follows from the projection formula, the second follows from Bezout's theorem, and the third follows from (2) and the projection formula combined with (1). This finishes the proof.
Finally, we prove the main theorem.
Proof of Theorem 1.3. Let X + be a connected component of X. As explained in Section 4, we can do assume that Z is contained in the connected component S K (G, X) of Sh K (G, X). Furthermore, we can and do assume that K is neat. We fix a faithful representation ρ : G → GL n and we let c and δ denote the effectively computable, positive constants afforded to us by Theorem 6.1. We let k and f denote the effectively computable, positive integers afforded to us by Theorem 7.1 and we let d denote the effectively computable constant afforded to us by Proposition 9.1.
Let V denote a non-facteur maximal special subvariety of Z. Let (P, X P ) be a Shimura subdatum of (G, X) and let X + P be a connected component of X P contained in X + such that Z is contained and Hodge generic in the image of S KP (G, X) in S K (G, X) under the induced morphism ι P : Sh K(P ) (P, X P ) → Sh K (G, X).
Let V P denote an irreducible component of ι −1 P (V ) contained in S K(P ) (P, X P ) and let Z P be an irreducible component of ι −1 P (Z) containing V P . We can and do assume that Z P is a proper subvariety of S K(P ) (P, X P ) since, otherwise, there is nothing to prove. Since V P is a non-facteur maximal special subvariety of Z P , Proposition 9.2 implies that, for any prime p / ∈ Σ V such that K p = G Zp (Z p ), there exists an irreducible subvariety Y P Z P containing V P such that
Furthermore, by [KY14] , Corollary 5.3.10, we have
and, letting Y := ι P (Y P ) Z, we obtain a subvariety containing V , which, by Proposition 9.1 satisfies deg LK Y ≤ dp (2f +k) (deg LK Z) 2 .
Iterating this procedure at most dim Z − 2 times, we deduce that deg LK V ≤ [dp (2f +k) ] (dim Z−2) (deg LK Z)
On the other hand, by Theorem 6.1,
Let N := N (K) be such that, for all primes p ≥ N , we have K p = G Zp (Z p ). Recall that we are allowed to choose any p not dividing Π V such that p ≥ N . To that end, fix an ǫ ∈ (0, 1 2 ). Then, by the Prime Number Theorem, there exists an absolute, effectively computable, positive constant c(ǫ) ∈ (0, 1) such that, for any x ≥ 2, there are more than c(ǫ)x 1−ǫ primes less than x. On the other hand, the number of primes dividing Π V is at most (log 2) −1 log Π V . Therefore, it follows from (8) that there exists a prime not dividing Π V . Plugging such a prime p into (7) concludes the proof. 
